We offer a new series of image masks for coronagraphy that are insensitive to pointing errors and other low-spatial-frequency optical aberrations. For a modest cost in throughput, these "eighth-order" band-limited masks would allow the Terrestrial Planet Finder (TPF) to operate with a pointing accuracy no better than that of the Hubble Space Telescope. We also provide eighth-order notch filter masks that offer the same robustness to pointing errors and should be relatively easy to construct: binary masks and graded masks with moderate optical density requirements.
INTRODUCTION
Coronagraphy holds great promise for imaging extrasolar planetary systems, even extrasolar terrestrial planets only ∼ 10 −10 times as bright as their host stars (e.g. Kuchner & Spergel 2003a) . However, finding extrasolar terrestrial planets at contrast levels of ∼ 10 −10 using any of the present image mask designs requires either pointing accuracies at the level of a fraction of a milliarcsecond (Kuchner & Traub 2002; Kuchner & Spergel 2003b) or apodization in the pupil plane (e.g. Aime et al. 2002; Kasdin et al. 2003) , which generally carries a high penalty in throughput and inner working angle (but see also Guyon 2003; Traub & Vanderbei 2003) . We offer a new series of band-limited image masks that do not require pupil apodization because they are intrinsically insensitive to pointing errors and other low-order aberrations. We also provide notch filter versions of these masks that may be easier to build to the necessary tolerances.
EIGHTH-ORDER MASKS
An ideal linear image mask can be described by a function,M (x), that multiplies the amplitude of the incoming beam, called the mask's amplitude transmissivity. We will refer often to this function and also to the intensity transmissivity, |M(x)| 2 , and to the Fourier transform of the amplitude transmissivity,
We will focus on linear masks, keeping in mind that band-limited and notch filter masks can be combined to create a wide variety of two-dimensional masks (Kuchner & Traub 2002; Kuchner & Spergel 2003b) . Kuchner & Spergel (2003b) showed that ifM(x) is a notch filter function, i.e., M(u) = 0 for ǫ/2 < |u| < 1 − ǫ/2,
where ǫ sets the undersizing of the Lyot stop, and if
thenM (x) will completely remove all on-axis light in an ideal coronagraph. Kuchner & Kasdin (2004) showed that notch filter masks are the only trivially achromatic masks that completely remove on-axis light in a one-dimensional or separable two-dimensional coronagraph. Masks we can construct without amplifying or manipulating the phase of the beam are necessarily limited to 0 ≤M (x) ≤ 1.
A band-limited mask is a notch filter mask with M(u) = 0 for |u| > ǫ/2. We aim to find notch filter mask functions,M (x), that provide deep suppression of light near the optical axis, not just at the optical axis. We will proceed by first considering band-limited masks and then following the recipes in Kuchner & Spergel (2003b) to generate useful notch-filter versions of these masks.
Understanding the off-axis behavior of an ideal coronagraph with a band-limited mask is easy. A coronagraph with a band-limited image mask attenuates the intensity of an image of a point source located at an angle x by a factor of |M(x)| 2 compared to the image the source would have if the image mask were removed while the Lyot stop remained in place. In an ideal coronagraph with a band-limited mask, the point spread function (PSF) is independent of the position of the source with respect to the optical axis (Kuchner & Traub 2002) . Hence, we can describe the way a band-limited mask attenuates sources near the optical axis, including the target star, by simply expandingM (x) about x = 0.
If the first important term in this expansion is quadratic, the intensity attenuation will vary as x 4 . Borrowing the language of interferometry, we might say such a mask produces a fourth-order null. For a demonstration of why this interferometric terminology is appropriate, consider the nulling coronagraph described by Levine et al. (2003) , which monochromatically synthesizes a particular band-limited mask with a fourth-order null using beam combiners.
All of the band-limited mask designs and notch filter mask designs illustrated in Kuchner & Traub (2002) , Kuchner & Spergel (2003b) , and Kuchner & Kasdin (2004) have fourthorder nulls. For example, 1 − sinc n k 1 x/n ≈ (1/6n)(k 1 x) 2 . But we can design band-limited masks and notch filter masks with nulls of any order, β, by the methods described below if β is a multiple of 4.
The order of the null dictates the sensitivity of the mask to optical aberrations that effectively spread the light from a target source around some region near the optical axis. Pointing error is the simplest low-order aberration for us to model and a term that can easily dominate a coronagraph design's error budget. A pointing error of ∆θ will cause an intensity leak proportional to (∆θ) β . A mask that is insensitive to pointing error will also defeat leak caused by other low-order aberrations like coma and astigmatism to some degree, though these aberrations contain mid-spatial-frequency tails that may leak through (Green & Shaklan 2003) . Mid-spatial-frequency errors are problematic for any coronagraph design because by definition they coincide with the search area; no mask or stop can block them without also blocking light from the planet.
The fractional leakage through a mispointed coronagraph with a band-limited mask is simply
where I(x, y) is the source intensity, i.e., the stellar disk, and ∆θ is the instantaneous pointing error. For a fourth-order linear mask, the instantaneous fractional intensity leakage is
where θ * is the angular diameter of the star and θ IW is the inner working angle of the mask, defined by |M(θ IW )| 2 = 1/2. To derive this expression, we made the approximation thatM (x) = x 4 ; we have corrected a numerical error in Equation 17 of Kuchner & Spergel (2003b) . If we assume ∆θ is distributed in a Gaussian with standard deviation σ ∆θ , and σ ∆θ >> θ * , then we find that the mean leakage is
So if we assume that we can tolerate a leakage of L < 3 × 10 −8 , and that ∆θ is much larger than the angular radius of the star, we find that we must center the star on the mask to an accuracy of σ ∆θ < 0.012 θ IW .
Though it is easiest to interpret in terms of pointing error, this Gaussian blurring can also serve as a crude model of the effects of other low-order aberrations.
For an eighth-order mask approximated asM (x) = x 8 , the instantaneous fractional intensity leakage is
the corresponding mean fractional leakage is
and the pointing requirement for leakage L < 3 × 10 −8 is
a factor of ∼ 6 improvement over the σ ∆θ tolerance for fourth-order masks. A coronagraph designed to find extrasolar terrestrial planets like the Terrestrial Planet Finder (TPF) might need θ IW = 60 milliarcseconds (mas). This requirement implies a pointing tolerance of 0.72 mas using a fourth-order mask or 4.2 mas using an eighth-order mask. For comparison, the Hubble Space Telescope points to ∼ 3 mas (Burrows et al. 1991 ).
Eighth-order masks can also provide high-contrast images of extended sources, though relaxing the pointing tolerance uses up some of this power. For a fourth-order mask, Equation 5 shows that the extent of a central source begins to matter when θ * > (8/3)(∆θ), and the cross term begins to dominate. For an eighth-order mask, Equation 8 shows that the extent of a central source begins to be important when θ * > (4/7)(∆θ). In the TPF example above, these limits correspond to θ * = 1.9 mas for a fourth-order mask, and θ * = 2.4 mas for an eighth-order mask. A solar-type star at 10 pc is about 1 mas in diameter, so a TPF designed for use with an eighth-order mask may be slightly better suited for the closest target stars than one designed for use with a fourth-order mask, even with its relaxed pointing tolerance, depending on the wings of the actual distribution of pointing errors.
CONSTRUCTING THE MASKS
To design eighth-order band-limited masks, we can create a linear combination of two band-limited masks weighted so that the term responsible for the quadratic leak cancels; i.e.,
For example, we can add a term of the form C(1 − cos(k 2 x)), otherwise known as a sin 2 mask, to any 1 − sinc n mask to cancel out d 2 /dx 2 (M (x))| x=0 , while still satisfying Equation 3. If we start with a mask of the form 1 − sinc n k 1 x/n ≈ (1/6n)(k 1 x) 2 and add
2 , we find that to produce an eighth order mask, we require that
However, we do not want to add a sin 2 mask of just any random spatial frequency. We would prefer a frequency within the bandwidth of the original mask so that we don't suffer an undue throughput penalty; i.e., k 2 needs to be ≤ k 1 . In order to minimize |C|, we should pick a frequency at exactly the edge of the band; i.e., k 2 = k 1 . With this constraint, we find C = −1/(3n).
Of course, adding the masks can violate the requirement thatM (x) ≤ 1. To ensurê M (x) ≤ 1, we can renormalize the mask by multiplyingM (x) by a constant, N, equal to the inverse of the maximum value ofM (x).
Putting everything together and using physical units, we have a series of eighth-order band-limited masks,
where f is the focal ratio at the mask and λ max is the longest wavelength at which the mask is to operate. Figure 1 showsM(x) for the first few linear masks in the series. The n = 3 design offers a good compromise between the large sidelobes of the n = 1 mask and the higher inner working angle-bandwidth product of the n = 5.
The ringing in these image masks reduces their effective throughputs, depending on where the planet is. The amplitude of the additional ringing introduced by the cosine term in Equation 12 falls off slowly, as 1/n. However, we can create additional eighth-order masks with less ringing by combining two 1 − sinc n masks to satisfy Equation 11. Using the same procedure we used to construct Equation 12, we find that
describes a series of eighth-order masks with less ringing than those described by Equation 12, as long as l > m. Figure 2 showsM (x) for m = 1 and l =2-5. The m = 1 and l =2-3 masks have throughput similar to the n = 3 cosine mask. For large m and l, the ringing is further reduced, but so is the Lyot stop throughput. Figure 3 compares the intensity transmissivity, |M | 2 , for the 1 − sinc 2 fourth-order mask and the m = 1, l = 3 eighth-order mask. While the 1 − sinc 2 mask has an inner working angle of θ IW = (1.448/ǫ)(λ/D), the m = 1, l = 3 eighth-order mask has an inner working angle of θ IW = (1.788/ǫ)(λ/D). The m = 1, l = 3 mask offers a good compromise between ringing and throughput, and also reaches 100% transmissivity at its first maximum, a critical region for planet searching; we recommend this mask for TPF.
Consider a TPF design with θ IW = 3 λ/D using a linear fourth-order mask. This coronagraph has a bandwidth of ǫ = 0.4 and a nominal Lyot stop throughput of 1 − ǫ = 0.6 (see Kuchner & Spergel 2003b ). This fourth-order design probably requires some mild apodization of the Lyot stop to ameliorate leakage due to low-order optical aberrations, reducing the throughput to 0.35. Keeping θ IW = 3 λ/D but switching to a linear m = 1, l = 3 eighth-order mask would mean working at a bandwidth of ǫ = 0.596, and a Lyot stop throughput of 1 − ǫ = 0.404. Coronagraphs with eighth-order masks should not require any Lyot stop apodization.
In other words, our analysis suggests that eighth-order masks with un-apodized Lyot stops perform about as well as fourth-order masks with apodized Lyot stops in terms of 2 fourth-order mask, the n = 3 eighthorder mask, and the m = 1, l = 3 eighth-order mask. The m = 1, l = 3 eighth-order mask, recommended for TPF, has 100% transmissivity at its first maximum. throughput and robustness to pointing errors. An alternative way to provide robustness to pointing errors is to use a shaped-pupil coronagraph (Kasdin et al. 2003; Vanderbei et al. 2003a,b) . But the throughput offered by an eighth-order linear mask is still better than the typical throughput of a shaped pupil coronagraph at a given inner working angle, particularly when a shaped pupil coronagraph is used with a hard-edged image mask, which increases its effective inner working angle (Kuchner & Kasdin 2004 ).
EIGHTH-ORDER BINARY MASKS
The functions described by Equations 12 and 13 can be used in a variety of ways, e.g., to make linear masks (M(x, y) =M BL (x)), radial masks (M (r) =M BL (r)), or separable masks (M(x, y) =M BL (x)M BL (y)). However, all band-limited masks are necessarily smooth graded masks. Notch-filter masks offer even more design freedom, making them potentially easier to manufacture than band-limited masks (Kuchner & Spergel 2003b) .
Notch filter masks affect starlight and planet-light the same way as band-limited masks; only their low-spatial frequency parts contribute to starlight suppression. Consequently, in an eighth-order notch filter mask, only the low-frequency part needs to satisfy Equation 11. Equivalently, we could say that an eighth-order notch filter mask satisfies Equations 2, 3, and also
Notch filter masks can be designed to be binary: everywhere either completely opaque or completely transparent. A simple way to make such a binary mask is to assemble a mask from a collection of identical parallel stripes, where any arbitrary band-limited mask function provides the width of an opaque region of each stripe. In other words, each stripe is defined byM stripe (x, y) = 1 where y <M notch (x) λ min f 0 elsewhere. (15) and the mask function isM
If we like, we can use the band-limited mask functions described by Equations 12 or 13 in place ofM notch , resulting in a mask formed of continuous curves. We will also construct here an eighth-order sampled binary mask following the prescription of Kuchner & Spergel (2003b) . Such a mask can be made entirely from rectangles of opaque material. Debes et al. (2004) have demonstrated the construction of these sampled masks using e-beam lithography.
To generate a sampled mask, we will use Equations 15 and 16, and the following form forM notch :
where Π(x) = 1 where −1/2 < x < 1/2 0 elsewhere (18)
To guarantee thatM sampled (x) ≥ 0, the parameter ζ must be in the range ζ 0 ≤ ζ ≤ 1/2, where ζ 0 is defined by the conditionM BL (ζ 0 λ min f ) =M 0 . For our binary mask, we will choose ζ = ζ 0 , to make the central rectangles contiguous. For the m = 1, l = 3 mask with θ IW = 3 λ max /D and bandpass 0.5-0.8 µm, we find thatM 0 = 0.0000476551 and ζ 0 = 0.33411749. Table 1 lists normalization constants and sampled mask parameters for eighth-order masks with various inner working angles for a top-hat kernel and 0.5-0.8 µm bandpass.
If the resolution of our nanotool is ∼ 20 nm, we require a telescope with f/115 (see Kuchner & Spergel 2003b) . The physical size of an entire mask is generally a few hundred diffraction widths; a 1" × 1" mask would consist of 440 vertically repeating segments, where each segment is ≤ f λ min = 57.5 µm wide. This coronagraph design would have a Lyot stop throughput of 40%. 
as shown in Kuchner & Spergel (2003b) . In this design, the notch-filter function is reflected vertically for each segment. However, manufacturing a mask like the one shown in Figure 4 should substantially reduce the writing time for e-beam lithography and opportunities for write errors. a Normalization constant for ζ = ζ 0 and f λ min sampling.
b For a graded mask with ζ = 1/2.
c With m = 1.
d Suggested for TPF.
EASY-TO-BUILD GRADED MASKS
Smooth graded band-limited image masks have produced suppression of on-axis monochromatic light at the level of a few times 10 −9 in the laboratory (Trauger et al. 2004 ). However, construction errors probably still limit the broad-band performance of these masks. We suggest that sampled graded masks may be easier to construct than smooth graded masks. Graded masks produce large phase errors, but it may be possible to correct the phase of these sampled masks using transparent strips of varying thickness. Also, as Kuchner & Spergel (2003b) pointed out, sampled masks can be designed so that unlike smooth masks, they do not require their darkest regions to be perfectly opaque. This flexibility limits the demands on the lithography tool used to make the masks. The 1 − sinc 2 mask with θ IW = 2.9 λ max /D, ǫ = 0.4, can be built with maximum optical density of 4. The sin 2 mask with ǫ = 0.4 can be built with maximum optical density of 3. Figure 5 shows a graded version of the m = 1, l = 3 eighth-order mask described in §4. The mask is defined byM(x, y) =M sampled (x); its optical density is − log 10 |M sampled (x)| 2 . To make the darkest stripe of the mask as transparent as possible, we chose ζ = 1/2. With this choice, the darkest stripe of the mask has optical density −2 log 10 |M BL (λ min f /2) −M 0 | ≈ 7.443. Table 1 lists the maximum optical densities of sampled graded masks with ζ = 1/2.
SUMMARY
We offered a series of eighth-order masks that are relatively insensitive to pointing errors and other low-spatial-frequency aberrations; in a coronagraph using one of these masks, the r.m.s. pointing error only needs to be managed to a few milliarcseconds, no greater than the pointing accuracy of the Hubble Space Telescope. Eighth-order notch filter masks retain most benefits of using fourth-order masks: broadband capabilities, reasonably high throughput, and small inner working angle, permitting extremely-high dynamic range coronagraphy suitable for terrestrial-planet finding using a popular optical layout.
In particular, we suggested a binary mask designed for TPF at 0.5-0.8 µm composed of opaque strips whose shapes are described by Equation 17 with m = 1, l = 3, ǫ = 0.596, N = 1.433557841327,M 0 = 0.0000476551, and ζ 0 = 0.33411749. This mask provides 44% Lyot stop throughput and requires an f/115 beam, assuming the mask can be manufactured with an r.m.s. accuracy of 20 nm. The r.m.s. pointing accuracy required for achieving starlight suppression of 10 −10 with this mask in the search area is σ ∆θ ≈ 4.2 milliarcseconds for stars of diameter up to ∼ 2.4 mas. If the mask is used on a telescope with better pointing accuracy, it can achieve contrast levels of 10 −10 on targets with even larger diameters.
